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C^ ' In this contribution, I discuss the role of symmetries and algebraic methods in 

(_P ' nuclear structure physics. In particular, I review some recent developments in 

nJ nuclear supersymmetry and indicate possible applications for light nuclei in the 

^_^ , sd- and p/-shell. 

\D 

1. Introduction 

In recent years, nuclear structure has seen an impressive progress in the 
^ I development of ab initio methods (no-core shell model, Green's Function 

Ch ■ Monte Carlo, Coupled Clusters, ...), mean-field techniques and effective 

field theories for which the ultimate goal is an exact treatment of nuclei 
k^ " utilizing the fundamental interactions between nucleons ^ . All involve large 

'V^ ■ scale calculations and therefore relie heavily on the available computing 

5t ! power and the development of efficient algorithms to obtain the desired 

results. 

A different approach is that of symmetries and algebraic methods. 
Rather than trying to solve the complex nuclear many-body problem nu- 
merically, one tries to identify effective degrees of freedom, effective or 
dynamical symmetries, etc. Aside from their esthetic appeal, symmetries 
provide energy formula, selection rules and closed expressions for electro- 
magnetic transition rates and transfer strengths which can be used as 
benchmarks to study and interpret the experimental data, even if these 
symmetries may be valid only approximately. Symmetries have played an 
important role in the history of nuclear physics. Examples are isospin 
symmetry, the Wigner supermultiplet theory, special solutions to the Bohr 
Hamiltonian, the Elliott model, pseudo-spin symmetries and the dynamical 
symmetries of the IBM and its extensions. 

The aim of this contribution is to discuss the role of symmetries and 
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algebraic methods in nuclear structure physics. In particular, I review some 
recent results obtained for nuclear supcrsymmetry in the Pt-Au region and 
discuss some implications for light nuclei in the sd- and p/-shell. 



2. Dynamical supersymmetries in nuclear physics 

Dynamical supersymmetries were introduced ^ in nuclear physics in the 
context of the Interacting Boson Model (IBM) and its extensions. The IBM 
describes collective excitations in even-even nuclei in terms of a system of 
interacting monopole (s^) and quadrupole (d)) bosons, which altogether 
can be denoted by b] with angular momentum I = 0,2. The bosons are 
associated with the number of correlated proton and neutron pairs, and 
hence the number of bosons N is half the number of valence nucleons "^ . 

In general, the IBM Hamiltonian has to be diagonalized numerically to 
obtain the energy eigenvalues and wave functions. There exist, however, 
special situations in which the eigenvalues can be obtained in closed, an- 
alytic form. These situations correspond to dynamical symmetries which 
arise, whenever the Hamiltonian is expressed in terms of Casimir invariants 
of a chain of subgroups of G = U{6): the C/(5) limit for vibrational nuclei, 
the SU{3) limit for rotational nuclei and the SO{6) limit for 7-unstable 
nuclei ^. For each one of the dynamical symmetries a set of closed ana- 
lytic expressions has been derived for energies, electromagnetic transitions, 
quadrupole moments and other observables of interest which can be used to 
classify and interpret the available experimental data in a qualitative way. 

For odd-mass nuclei the IBM has been extended to include single- 
particle degrees of freedom ^. The ensuing Interacting Boson- Fermion 
Model (IBFM) has as its building blocks A^ bosons with / = 0, 2 and M == 1 
fermion (a-) with j = ji,J2, ■ ■ ■ ^- The IBM and IBFM can be unified into 
a supcrsymmetry (SUSY) ^ 

u{6/n)DU{6)(g>u{n) , (1) 

where fl ~ X^iX^J + 1) is the dimension the fermion space. In this frame- 
work, even-even and odd-even nuclei form the members of a supermultiplet 
which is characterized by H = TV -f M, i.e. the total number of bosons and 
fcrmions. Supcrsymmetry distinguishes itself from other symmetries in 
that it includes, in addition to transformations among fermions and among 
bosons, also transformations that change a boson into a fermion and vice 
versa (see Table 1). 
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3. Supersymmetry in heavy nuclei 

Dynamical nuclear supersymmetries correspond to very special forms of 
the Hamiltonian which may not be applicable to all regions of the nuclear 
chart, but nevertheless many nuclei have been found to provide experimen- 
tal evidence for supersymmetries in nuclei ^'^. Especially, the mass region 
A ~ 190 has been a rich source of empirical evidence for the existence of 
(super)symmetries in nuclei. The even-even nucleus ^^^Pt is the standard 
example of the 50(6) limit of the IBM ^ . The odd-proton nuclei i9i'i93lr 
and 193, 195^^ were suggested as examples of the Spin{6) limit ^, in which 
the odd proton is allowed to occupy the 2^3/2 orbit of the 50-82 proton shell. 



whereas the pairs of nuclei ^''"Os - ^^^Ir, ^^^Os 



193 



Ir. 



192 



Pt 



193 



Au and 



194t 



Pt - Au have been analyzed as examples of a C/(6/4) supersymmetry 

6 

The odd-neutron nucleus ^^^Pt, together with ^^''Pt, were studied in 
terms of a t/(6/12) supersymmetry ^, in which the odd neutron occupies 
the 'Spi/2, 3p3/2 and 2/5/2 orbits of the 82-126 neutron shell. In this case, 
the neutron angular momenta are decoupled into a pseudo-orbital part with 
Z = 0, 2 and a pseudo-spin part with s = ^. This supersymmetry scheme 
arises from the equivalence between the values of the angular momenta of 
the pseudo-orbital part and those of the bosons of the IBM. 

The concept of nuclear SUSY was extended in 1985 to include the 
neutron-proton degree of freedom ^'^ . In this case, a supermultiplet consists 
of an even-even, an odd-proton, an odd-neutron and an odd-odd nucleus. 
Spectroscopic studies of heavy odd-odd nuclei are very difficult due the high 
density of states. Almost 15 years after the prediction of the spectrum of 
the odd-odd nucleus by nuclear supersymmetry, it was shown experimen- 
tally that the observed spectrum of the nucleus ^^^Au is amazingly close 
to the theoretical one ^^. At present, the best experimental evidence of a 
supersymmetric quartet is provided by the i94,i95p^ g^j^j I95,i96^-|^ nuclei as 
an example of the U{6/12)^(g)U{6/4:)jr supersymmetry. This supermultiplet 
is characterized by H^ = 2 and Kj^ = 5. 

In this case, the excitation spectra of the supersymmetric quartet of Pt 
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Figure 1. Comparison between the energy spectrum of the negative parity levels 
in the odd-odd nucleus ^^^Au and that obtained for the U{6/12)i, (g) 1/(6/4:)^ 
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12 



and Au nuclei are described simultaneously by the energy formula 



E:^a [Ni{Ni + 5) + N2{N2 + 3) + 7Vi(7Vi + 1)] 
+/3[l]i(Si+4) + S2(S2 + 2) 



^l] 



+7 [<7l('7l + 4) + 0-2(^2 + 2) + erf] 

+ d [ti(ti + 3) + T2(t2 + !)]+£ J{J +1)+T]L(L+ 1) 



(2) 



The coefficients a, (3, 7, (5, e and rj have been determined in a simultaneous 
fit of the excitation energies of the nuclei i94,i95p|- ^^^^ I95,i96^-|^ 12 -pjg j^ 
shows the results for the odd-odd nucleus ^^®Au. 



3.1. One-nucleon transfer reactions 

The supersymmetric quartet of nuclei is described by a single Hamiltonian, 
and hence the wave functions, transition and transfer rates are strongly 
correlated. As an example of these correlations, I consider here the case of 
one-proton transfer reactions between the Pt and Au nuclei. One-proton 
transfer reactions between different members of the same supermultiplet 
provide an important test of supcrsymmetries, since it involves the trans- 
formation of a boson into a fcrmion or vice versa, but it conserves the total 
number of bosons plus fermions. 

The operators that describe one-proton transfer reactions in the 
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t/(6/12)^ (8) C/(6/4)7r supersymmetry are, in lowest order, given by 



PI = ai 



Pj = a2 



g y'^'T X a^ 3/2 



(3/2) 



g ('^'T X a^ 3/2 



(3/2) 



6 (^- X 4,3/2) + Y 6 ('^^^ X «l,3/2) 



\ (3/2) 



(3) 



As a consequence of the selection rules, the operator P/ only excites the 
ground state of the Au nuclei, whereas Pj populates, in addition to the 
ground state, also an excited state ^^. The ratio of the intensities of one- 
proton transfer to the excited state and to the ground state R = /(gs -^ 
exc)//(gs -^ gs) does not depend on any parameter, and is given by 



Pi(i9^Pt 
P2('^^Pt 



>i96 Au) 
>i96 Au) 



Pl(194pt 

P2(''^Pt 



>i95 Au) 
>i95 Au) 



0, 

9iN + l){N + 5) 



(4) 



4(iV + 6)2 

for P/ and Pj , respectively. The available experimental data from the pro- 
ton stripping reactions "'^^''Pt(a, t)^^^Au and ^^'*Pt('^He, d)^^^Au ^^ shows 
that the J = 3/2 ground state of ^^^Au is excited strongly. The relatively 
small strength to excited J — 3/2 states suggests that the operator P{ of 
Eq. (3) be used to describe the experimental data. 

The equality of the ratios of the one-proton transfer reactions ^^^Pt -^ 
^^^Au and ^^^Pt -^ ^^^Au is a direct consequence of the supersymmetry 
classification. This prediction has been tested experimentally using the 
(^He, d) reaction on ^^^Pt and ^^^Pt targets. The results are being analyzed 
at the moment ^^. 

In addition, in a supersymmetry scheme it is possible to establish ex- 
plicit relations between the intensities of these two transfer reactions, i.e. 
the one-proton transfer reaction intensities between the (ground state of 
the) Pt and Au nuclei are related by 



/(195pt ^ 196 Au) ^ ^Il±l /(194pt 



195 



Au) . 



(5) 



This correlation can be derived in a general way only using the symme- 
try relations that exist between the wave functions of the even-even, odd- 
proton, odd- neutron and odd-odd nuclei of a supersymmetric quartet. It 
is important to point out, that Eqs. (4 and (5) are parameter-independent 
predictions which are a direct consequence of nuclear SUSY and which can 
be tested experimentally. 
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3.2. Two-nucleon transfer reactions 

Two-nucleon transfer reactions probe the structure of the final nucleus 
through the exploration of two-nucleon correlations that may be present. 
The spectroscopic strengths not only depend on the similarity between the 
states in the initial and final nucleus, but also on the correlation of the 
transferred pair of nucleons. 

In this section, the recent data on the ^^^Hg(d, a)^^^Au reaction ^^ are 
compared with the predictions from the C/^(6/12) C/7r(6/4) supersymme- 
try. This reaction involves the transfer of a proton-neutron pair, and hence 
measures the neutron-proton correlation in the odd-odd nucleus. The spec- 
troscopic strengths Glj 

glj = I E ati r'H i-iAJ'^ ir'Hg) p , (6) 

depend on the reaction mechanism via the coefficients g'j"^, and on the 
nuclear structure part via the reduced matrix elements. 

In order to compare with experimental data we calculate the relative 
strengths Rlj = Glj/G''£j, where C^j is the spectroscopic strength of the 
reference state. Fig. 2 shows the experimental and calculated ratios Rlj- 
The reference states are easily identified since they are normalized to one. 

The ratios of spectroscopic strengths to final states with (ri, T2) = (|, ^) 
provide a direct test of the nuclear wave functions, since they only depend 
on the nuclear structure part ^^ 

N + A 

R2,LJ = 



157V 



^ 2(JV + 4)(JV + 6) 
''" 15iV(A^ + 3) ' ^^ 

for different final states corresponding to the left panel of the second and 
third row in Fig. 2. The numerical values are 0.12 and 0.33, respectively 
(N = 5). In general, there is good overall agreement between the experi- 
mental and theoretical values, especially if we take into account the simple 
form of the operator in the calculation of the two-nucleon transfer reaction 
intensities. 



4. Nuclear supersymmetry in light nuclei 

Dynamical supersymmetries correspond to special solutions of the Hamil- 
tonian. They occur whenever the even-even nucleus can be described by 
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Figure 2. Ratios of spectroscopic strengths. The two columns in each frame correspond 
to states with Spin{b) labels {t\,T2) = (4 1 5) ^'^'^ (2' 2)' I'cspectively. The rows are 
characterized by the labels [Afi,7V2], (Si,E2,0), (ci, cr2) ""a)- From bottom to top we 
have (i) [6,0], (6,0,0), {^■,l,\), (ii) [5,1], (5,1,0), (^,i,-i) and (iii) [5,1], (5,1,0), 



c- 



h)- 



one of the dynamical symmetries of the IBIVI, and the odd nucleon occupies 
specific single-particle orbits which lie close to the Fermi surface ^*. 

In light nuclei, examples may be found in the sd-shell for which the 
orbital angular momenta of the 2si/2, lc?3/2 a-nd 1^5/2 orbits match the 
angular momenta of the bosons ^®. Another area of interest may be the be- 
ginning of the p/-shell where the valence nucleons occupy the orbits 2pi/2, 
lP3/2 a-nd 1/5/2 which can be treated in a pseudo-spin coupling scheme as 
1^0,2 and 5 = 5. 

In heavy nuclei, where the active protons and neutrons occupy different 
major shells, the s- and d-bosons are associated with correlated pairs of 
identical nucleons with isospin T = 1 and Mt = ±1- For light nuclei 
the situation is different, since the valence protons and neutrons occupy 
the same major shell. This observation has led to the introduction of an 
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isospin invariant IBM in which the s- and cf-bosons can have spin and 
isospin (5*, T) ~ (0, 1) and (1, 0) ^" which leads to the algebraic structure 

U^ (36) D t/f (6) ® SUi^ (6) D t/f (6) ® SUir (4) • (8) 

The subscripts refer to the orbital part (L) and the spin- isospin part (ST). 
The group structure of the odd nucleon in the sd-shell and in the beginning 
of the p/-shell is the same and is given by 

C/^(24) D U[{6) ® SUiT{A) . (9) 

Whereas for the sd-shell, SUst{4:) refers to the Wigner supermultiplet 
SU{4:) symmetry, for the p/-shell it represents the pseudo-S'C/(4) symme- 
try which follows from the combined invariance in pseudo-spin and isospin 
^^. It has been shown ^^ that the lowlying states of ^*Cu, ^°Zn and ^°Ni 
have good pseudo-S'f7(4) symmetry. Since the boson and fermion chains 
have the orbital group Ul{&) and the (pseudo)spin-isospin group SUsxi'^) 
in common, they may be combined into the supersymmetry 

C/(36/24) D U^{36) ® t/^(24) D • • • D C/f ^(6) ® S't/|/(4) D ■■■ (10) 

Fig. 3 shows the nucleus ^'^Zn as a candidate of a supersymmetry in the 
p/-shell ^. 



5. Summary, conclusions and outlook 

In this contribution, I have discussed how symmetry methods and algebraic 
models can be used to interpret and help understand the spectroscopic 
properties of atomic nuclei. Nuclear supersymmetry was taken as a specific 
example. Even though most applications have been found in medium- and 
heavy-mass nuclei, there are some interesting possibilities for light nuclei as 
well, especially for the nuclei beyond '"'^Ni in the beginning of the p/-shell 
where the pseudo-S'C/(4) symmetry is expected to be valid. 

Dynamical supersymmetries provide a set of closed expressions for en- 
ergies, selection rules for electromagnetic transitions and transfer reactions 
which may be used as benchmarks to study and interpret the experimental 
data, even if these symmetries may be valid only in an approximate way. 
In such a scheme, a supermultiplet consists of pairs or quartets of nuclei, 
whose properties are described simultaneously by the same form of the 
Hamiltonian, electromagnetic transition operators and transfer operators. 
Therefore, nuclear SUSY predicts explicit correlations between energies and 
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Figure 3. Comparison between the energy spectrum of the negative parity levels 
in the nucleus Zn and that obtained for the f/(36/24) supersymmetry . 



electromagnetic transition rates in different nuclei as well as between dif- 
ferent nucleon transfer reactions which provide a challenge and motivation 
for future experiments. 

The concept of supersymmetry is more general than that of dynamical 
supersymmetry discussed in this contribution. The combination with dy- 
namical symmetries has limited the study of nuclear SUSY, since dynamical 
symmetries are rather scarce and only occur in certain areas of the nuclear 
mass table. An example of nuclear SUSY without dynamical symmetry is 
a study of the Ru and Rh isotopes, in which an excellent description of 
the data was obtained by a combination of the t/(5) and S'(9(6) dynamical 
symmetries ^^. This opens up the possibility to generalize nuclear SUSY 
to transitional regions of the nuclear mass table, and to extend the search 
for correlations as a result of supersymmetry. 

It goes without saying that symmetry approaches as described in this 
contribution, ah initio methods, mean-field techniques and nuclear effective 
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10 

field theory go hand in hand, and provide complementary information about 
the complex dynamics of the nuclear many-body problem. 
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